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Fast algorithms for enclosing solutions of Sylvester equations AX +
XB = C, A ∈ C

m×m, B ∈ C
n×n, X, C ∈ C

m×n are proposed. The

results obtained by these algorithms are “verified” in the sense that

all the possible rounding errors have been taken into account. For

developing these algorithms, theories which directly supply error

bounds for numerical solutions are established. The proposed algo-

rithms require only O(m3 + n3) operations if A and B are diago-

nalizable. Techniques for accelerating the enclosure and obtaining

smaller error bounds are introduced. Numerical results show the

properties of the proposed algorithms.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

In thispaper,weareconcernedwith theaccuracyofnumerically computedsolutions in theSylvester

equation

AX + XB = C, (1)

where A ∈ C
m×m, B ∈ C

n×n and C ∈ C
m×n are given. The Sylvester equation (1) appears in many

important problems in science and technology, e.g., control theory [1], model reduction [2,3], the

numerical solution of Riccati equations [4], image processing [5] and so forth. Moreover (1) includes

as special cases several important linear equation problems: linear system, multiple right-hand side

linear system,matrix inversion, and eigenvector x corresponding to given eigenvalue b: (A−bIm)x = 0,

where Ip denotes the p × p identity matrix, and commuting matrices: AX − XA = 0. Especially block-

diagonalization of a block triangular matrix is equivalent to solving (1) (see e.g., [6]). The case B = AT

is called the Lyapunov equation which arises in several applications in control theory, e.g., in stability

and robust stability, model reduction, internal balancing and determining the H2-norm [1].

E-mail address:miyajima@gifu-u.ac.jp

0024-3795/$ - see front matter © 2012 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.laa.2012.07.001

http://dx.doi.org/10.1016/j.laa.2012.07.001
http://www.sciencedirect.com/science/journal/00243795
www.elsevier.com/locate/laa
http://dx.doi.org/10.1016/j.laa.2012.07.001


S. Miyajima / Linear Algebra and its Applications 439 (2013) 856–878 857

It is well known (e.g., [6]) that (1) can be written as the following linear system:

Pvec(X) = vec(C), P := In ⊗ A + BT ⊗ Im, (2)

where ⊗ is the Kronecker product (see e.g., [7]) and vec is the operation which stacks the columns of

a matrix in order to obtain one long vector. Therefore P is an mn × mn complex matrix, and vec(X)
and vec(C) are complex mn-vectors.

Let M ∈ C
p×p and λ(M) be the spectrum of M. If λ(A) = {λ1(A), . . . , λm(A)} and λ(B) =

{λ1(B), . . . , λn(B)}, it holds (see [7]) that

λ(P) = {λi(A) + λj(B) : i = 1, . . . ,m, j = 1, . . . , n},
including algebraic multiplicities in all three cases. Therefore (1) has a unique solution X∗ if and only

if A and −B have no eigenvalues in common. In this paper, it is assumed that this condition is always

satisfied.

Standard direct methods for solving (1) have been proposed in [8,9]. These methods are based

on the Schur decomposition, by which the original equation is transformed into a form that is easily

solved by a forward or backward substitution.

In this paper, we consider numerically enclosing the exact solution X∗ in (1). There are several

algorithms for enclosing solutions in (1), e.g., [10–14]. Most of the algorithms in [10] involve floating

point operations whose number is proportional to the exponential of m and n. Another algorithm in

[10] requires O(m3n2 + m2n3) operations. The algorithms in [11–13] involve O(m3n3) operations. As
opposed to these algorithms, the algorithm in [14] requires onlyO(m3 + n3) operations if A and B are

diagonalizable. Namely this algorithm is pioneering work for enclosing X∗ with cubic complexity. The

algorithm in [14] is based on numerical diagonalization and the Krawczyk operator [15], and supplies

an interval matrix containing X∗ by empirically creating a candidate interval matrix and examining

whether the created matrix includes X∗ or not.

The purpose of this paper is to propose algorithms for enclosing X∗ which directly supply error

bounds Xε ∈ R
m×n satisfying |X̃ − X∗| ≤ Xε , where X̃ and |X̃ − X∗| denote a numerical solution in

(1) and the matrix with elements |(X̃ − X∗)ij|, respectively, and inequalities between matrices hold

componentwise. Thesealgorithmsalso requireonlyO(m3+n3)operations ifAandBarediagonalizable.

We present theories for directly obtaining Xε to construct the proposed algorithms, and introduce

techniques for accelerating theenclosure andobtaining smaller error bounds. Theproposedalgorithms

allow the presence of underflow in floating point arithmetic.

This paper is organized as follows: In Section 2, theories for computing the upper bound for |X̃−X∗|
are established. In Sections 3 and 4, techniques for accelerating the enclosure and obtaining smaller

error bounds are introduced, respectively. In Section 5, numerical results are reported to show the

property of the proposed algorithms. Finally Section 6 summarizes the results in this paper and high-

lights possible extensions and future work.

2. Enclosure theories

In this section, we establish theories for enclosing solutions in (1). For M ∈ C
m×n, Mij , Mi: and

M:j denote the (i, j) element, the i-th row and the j-th column of M, respectively, |M| := {|Mij|},
MT := {Mji}, ‖M‖∞ := maxi

∑
j |Mij|, ‖M‖1 := maxj

∑
i |Mij| and ‖M‖M := maxi,j |Mij|. For a

complex vector v, vi denotes the i-th element of v. For M,N ∈ R
m×n, min(M,N) := {min(Mij,

Nij)}. For d1, . . . , dn ∈ C, diag(d1, . . . , dn) denotes a diagonal matrix whose diagonal elements are

d1, . . . , dn. Let u, u, Ip, ⊗, ./ and fl(·) be unit roundoff, underflow unit (especially u = 2−53 and

u = 2−1074 in IEEE 754 double precision), the p × p identity matrix, the Kronecker product, point-

wise division, a result of floating point operations, where all inside parenthesis are executed by ordi-

nary floating point arithmetic fulfilling rounding-to-nearest mode, respectively, γp := pu/(1 − pu),

ζp := √
2γ4 + (1 + √

2γ4)γp, s
(p) := (1, . . . , 1)T ∈ R

p and E := (s(m), . . . , s(m)) ∈ R
m×n. For

M ∈ C
m×n and v ∈ C

mn, we define
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vec(M) :=

⎛
⎜⎜⎜⎜⎝

M:1
...

M:n

⎞
⎟⎟⎟⎟⎠ and mat(v) :=

⎛
⎜⎜⎜⎜⎝

v1 vm+1 · · · vm(n−1)+1

...
...

. . .
...

vm v2m · · · vmn

⎞
⎟⎟⎟⎟⎠ ,

respectively. Then we have mat(vec(M)) = M and vec(mat(v)) = v. Assume vi 	= 0 for all i and let

V := diag(v1, . . . , vmn). Then it holds that V−1vec(M) = vec(M./mat(v)). Let FR and FC be sets

of all floating point real and complex numbers, respectively.

We cite Lemmas 1 and 2, and present Lemma 3 which are used in the proof of Theorems 1, 2, 3 or

4 shown below.

Lemma 1 (E.g., Horn et al. [7]). For any complex matrices K, L, M and N with compatible sizes, it holds

that

(K ⊗ L)(M ⊗ N) = (KM ⊗ LN)

vec(LMN) = (NT ⊗ L)vec(M).

Lemma 2 (E.g., Meyer [16]). For S ∈ C
m×m and 1 ≤ p ≤ ∞, if ‖S‖p < 1, Im − S is nonsingular.

Lemma3 is amodification of [17, Theorem3] suited for estimating upper bounds formatrices rather

than vectors.

Lemma 3. Let S, G ∈ C
m×m, F ∈ C

m×n and DF := diag(‖F:1‖∞, . . . , ‖F:n‖∞). If ‖S‖∞ < 1, it holds

that

|(Im − S)−1F| ≤ |F| + 1

1 − ‖S‖∞
|S|EDF

|(Im − S)−1G|E ≤
(
|G| + ‖G‖∞

1 − ‖S‖∞
|S|

)
E. (3)

Remark 1. From ‖S‖∞ < 1 and Lemma 2, Im − S is nonsingular.

Proof. The Neumann series (e.g., [16, Chapter 3]) gives

|(Im − S)−1F| ≤ |(Im − S)−1||F| = |Im + S + S2 + · · · ||F|
≤ (Im + |S| + |S|2 + · · · )|F| = |F| + (|S| + |S|2 + · · · )(|F|:1, . . . , |F|:n). (4)

For i = 1, . . . , n, it holds from ‖S‖∞ < 1 that

(|S| + |S|2 + · · · )|F|:i = |S||F|:i + |S|(|S||F|:i) + · · ·
≤ ‖|F|:i‖∞|S|s(m) + ‖|S||F|:i‖∞|S|s(m) + · · ·
≤ ‖F:i‖∞|S|s(m) + ‖S‖∞‖F:i‖∞|S|s(m) + · · ·
= ‖F:i‖∞(1 + ‖S‖∞ + ‖S‖2∞ + · · · )|S|s(m) = ‖F:i‖∞

1 − ‖S‖∞
|S|s(m). (5)

This and (4) yield

|(Im − S)−1F| ≤ |F| + 1

1 − ‖S‖∞
(‖F:1‖∞|S|s(m), . . . , ‖F:n‖∞|S|s(m))

= |F| + 1

1 − ‖S‖∞
(|S|s(m), . . . , |S|s(m))DF = |F| + 1

1 − ‖S‖∞
|S|EDF .
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From derivations similar to (4) and (5), we obtain

|(Im − S)−1G|s(m) ≤ (Im + |S| + |S|2 + · · · )|G|s(m)

≤ |G|s(m) + (|S| + |S|2 + · · · )|G|s(m)

≤ |G|s(m) + ‖|G|s(m)‖∞
1 − ‖S‖∞

|S|s(m) =
(
|G| + ‖G‖∞

1 − ‖S‖∞
|S|

)
s(m),

which shows (3). �

2.1. Theory based on spectral decomposition

Assume that A and B are diagonalizable, i.e., there exists diagonal DA ∈ C
m×m and DB ∈ C

n×n, and

nonsingular VA ∈ C
m×m and VB ∈ C

n×n such that

A = VADAV
−1
A and BT = VBDBV

−1
B .

In this subsection, we formulate and prove Theorems 1 and 2 for enclosing solutions in (1) based on

the spectral decomposition.

Theorem 1. Let X̃ ∈ C
m×n, D̃A, ṼA,WA ∈ C

m×m, D̃B, ṼB,WB ∈ C
n×n, D̃A and D̃B be diagonal, D̃A and

−D̃B have no diagonal elements in common, and

RA := WA(ṼAD̃A − AṼA), RB := WB(ṼBD̃B − BT ṼB), SA := Im − WAṼA, SB := In − WBṼB,

TA := |RA| + ‖RA‖∞
1 − ‖SA‖∞

|SA|, TB := |RB| + ‖RB‖∞
1 − ‖SB‖∞

|SB|,
T := TAE + ETT

B , D̃ := D̃AE + ED̃B, TD := T ./ |D̃|.
If ‖SA‖∞ < 1 and ‖SB‖∞ < 1, ṼA and WA, and ṼB and WB are nonsingular, respectively. Additionally if

‖TD‖M < 1, (1) has a unique solution X∗.

Proof. Lemma 2, ‖SA‖∞ < 1 and ‖SB‖∞ < 1 give the nonsingularity of Im − SA and In − SB, which

imply the nonsingularity of ṼA,WA, ṼB andWB. Let P be as in (2). As discussed in Section 1, (1) can be

written as (2). From Lemma 1, we have

P = (ṼB ⊗ ṼA)Q(Ṽ−1
B ⊗ Ṽ

−1
A ), Q := In ⊗ (Ṽ−1

A AṼA) + (Ṽ−1
B BT ṼB) ⊗ Im. (6)

Therefore ifQ is nonsingular,P is also nonsingular, so that (1) has a unique solution X∗. Thus we prove

the nonsingularity of Q. Let QA := (Im − SA)
−1RA, QB := (In − SB)

−1RB, � := In ⊗ D̃A + D̃B ⊗ Im and

� := In ⊗ QA + QB ⊗ Im. Observe that � is nonsingular, since D̃A and −D̃B have no diagonal elements

in common. It follows that

Q = In ⊗ (D̃A − D̃A + Ṽ
−1
A AṼA) + (D̃B − D̃B + Ṽ−1

B BT ṼB) ⊗ Im

= In ⊗ (D̃A − Ṽ
−1
A (ṼAD̃A − AṼA)) + (D̃B − Ṽ−1

B (ṼBD̃A − BT ṼB)) ⊗ Im

= In ⊗ (D̃A − Ṽ
−1
A W

−1
A WA(ṼAD̃A − AṼA)) + (D̃B − Ṽ−1

B W−1
B WB(ṼBD̃A − BT ṼB)) ⊗ Im

= In ⊗ (D̃A − (WAṼA)
−1RA) + (D̃B − (WBṼB)

−1RB) ⊗ Im

= In ⊗ (D̃A − (Im − SA)
−1RA) + (D̃B − (In − SB)

−1RB) ⊗ Im

= In ⊗ (D̃A − QA) + (D̃B − QB) ⊗ Im = In ⊗ D̃A − In ⊗ QA + D̃B ⊗ Im − QB ⊗ Im

= � − � = �(Imn − �−1�). (7)

Hence if Imn − �−1� is nonsingular, Q is nonsingular. Lemmas 1 and 3 yield



860 S. Miyajima / Linear Algebra and its Applications 439 (2013) 856–878

‖�−1�‖∞ = ‖|�−1�|s(mn)‖∞ = ‖|�−1||�|s(mn)‖∞ = ‖|�−1||�|vec(E)‖∞
≤ ‖|�−1|(In ⊗ |QA| + |QB| ⊗ Im)vec(E)‖∞
= ‖|�−1|((In ⊗ |QA|)vec(E) + (|QB| ⊗ Im)vec(E))‖∞
= ‖|�−1|(vec(|QA|E) + vec(E|QB|T ))‖∞
= ‖|�−1|vec(|QA|E + E|QB|T )‖∞
= ‖|�−1|vec(|QA|E + (|QB|ET )T )‖∞≤‖|�−1|vec(TAE + (TBE

T )T )‖∞
= ‖|�−1|vec(T)‖∞ = ‖vec(T ./ |D̃|)‖∞ = ‖vec(TD)‖∞ = ‖TD‖M. (8)

This and ‖TD‖M < 1 give ‖�−1�‖∞ < 1. From this inequality and Lemma 2, Imn − �−1� is

nonsingular, so that Q and P are also nonsingular. Consequently (1) has a unique solution X∗. �

Theorem 2. Let X̃, WA, WB, SA, SB, D̃ and TD be as in Theorem 1, and

R := AX̃ + X̃B − C, RW := WARW
T
B ,

Dr
W := diag(‖RW1: ‖1, . . . , ‖RWm: ‖1), R

(1)
W := |RW | + 1

1 − ‖SB‖∞
Dr
WE|SB|T ,

D
(1)
W := diag(‖R(1)

W:1‖∞, . . . , ‖R(1)
W:n‖∞), R

(1)
V := R

(1)
W + 1

1 − ‖SA‖∞
|SA|ED(1)

W ,

Dc
W := diag(‖RW:1‖∞, . . . , ‖RW:n‖∞), R

(2)
W := |RW | + 1

1 − ‖SA‖∞
|SA|EDc

W ,

D
(2)
W := diag(‖R(2)

W1: ‖1, . . . , ‖R(2)
Wm: ‖1), R

(2)
V := R

(2)
W + 1

1 − ‖SB‖∞
D

(2)
W E|SB|T ,

RV := min(R
(1)
V , R

(2)
V ), RD := RV ./ |D̃|, U := RD + ‖RD‖M

1 − ‖TD‖M

TD.

If all the assumptions in Theorem 1 are satisfied, it holds that

|X̃ − X∗| ≤ Xε, Xε := |ṼA|U|ṼB|T .
Proof. LetP be as in (2), ṼA and ṼB be as in Theorem 1, andQ,� and� be as in the proof of Theorem 1.

It holds from (6) and (7) that

vec(X̃) − vec(X∗) = vec(X̃) − P−1vec(C) = P−1(Pvec(X̃) − vec(C))

= P−1((In ⊗ A)vec(X̃) + (BT ⊗ Im)vec(X̃) − vec(C))

= P−1(vec(AX̃) + vec(X̃B) − vec(C)) = P−1vec(R)

= (Ṽ−1
B ⊗ Ṽ

−1
A )−1Q−1(ṼB ⊗ ṼA)

−1vec(R)

= (ṼB ⊗ ṼA)Q−1(Ṽ−1
B ⊗ Ṽ

−1
A )vec(R)

= (ṼB ⊗ ṼA)(Imn − �−1�)−1�−1vec(Ṽ−1
A RṼ−T

B ). (9)

From this, Lemma 3, and (8), we obtain

vec(|X̃ − X∗|)
= |vec(X̃ − X∗)| = |vec(X̃) − vec(X∗)|
= |(ṼB ⊗ ṼA)(Imn − �−1�)−1�−1vec(Ṽ−1

A RṼ−T
B )|

≤ |ṼB ⊗ ṼA||(Imn − �−1�)−1�−1vec(Ṽ−1
A RṼ−T

B )|
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= |ṼB ⊗ ṼA||(Imn − �−1�)−1vec((Ṽ−1
A RṼ−T

B ) ./ D̃)|

≤ |ṼB ⊗ ṼA|
(
|vec((Ṽ−1

A RṼ−T
B ) ./ D̃)| + ‖vec((Ṽ−1

A RṼ
−T
B ) ./ D̃)‖∞

1 − ‖�−1�‖∞
|�−1�|s(mn)

)

≤ |ṼB ⊗ ṼA|
(
|vec((Ṽ−1

A RṼ−T
B ) ./ D̃)| + ‖vec((Ṽ−1

A RṼ
−T
B ) ./ D̃)‖∞

1 − ‖TD‖M

vec(TD)

)

= (|ṼB| ⊗ |ṼA|)
(
vec(|Ṽ−1

A RṼ−T
B | ./ |D̃|) + ‖vec(|Ṽ−1

A RṼ
−T
B | ./ |D̃|)‖∞

1 − ‖TD‖M

vec(TD)

)

= (|ṼB| ⊗ |ṼA|)vec
(
|Ṽ−1

A RṼ−T
B | ./ |D̃| + ‖|Ṽ−1

A RṼ
−T
B | ./ |D̃|‖M

1 − ‖TD‖M

TD

)

= vec

(
|ṼA|

(
|Ṽ−1

A RṼ−T
B | ./ |D̃| + ‖|Ṽ−1

A RṼ
−T
B | ./ |D̃|‖M

1 − ‖TD‖M

TD

)
|ṼB|T

)
,

that is,

|X̃ − X∗| ≤ |ṼA|
(
|Ṽ−1

A RṼ−T
B | ./ |D̃| + ‖|Ṽ−1

A RṼ
−T
B | ./ |D̃|‖M

1 − ‖TD‖M

TD

)
|ṼB|T . (10)

We derive the upper bound for |Ṽ−1
A RṼ

−T
B |. Since

|Ṽ−1
A RṼ−T

B | = |Ṽ−1
A W

−1
A WARW

T
BW

−T
B Ṽ−T

B | = |Ṽ−1
A W

−1
A RWW−T

B Ṽ−T
B |

= |(WAṼA)
−1RW (WBṼB)

−T | = |(Im − SA)
−1RW (In − SB)

−T |,
we can derive the following two types of the upper bounds using Lemma 3:

|Ṽ−1
A RṼ−T

B | ≤ |(Im − SA)
−1||RW (In − SB)

−T | = |(Im − SA)
−1||(In − SB)

−1RTW |T

≤ |(Im − SA)
−1|

(
|RTW | + 1

1 − ‖SB‖∞
|SB|ETdiag(‖RTW:1‖∞, . . . , ‖RTW:m‖∞)

)T

= |(Im − SA)
−1|

(
|RW |T + 1

1 − ‖SB‖∞
|SB|ETDr

W

)T

= |(Im − SA)
−1|R(1)

W

≤ R
(1)
W + 1

1 − ‖SA‖∞
|SA|ED(1)

W = R
(1)
V ,

|Ṽ−1
A RṼ−T

B | ≤ |(Im − SA)
−1RW ||(In − SB)

−1|T

≤
(
|RW | + 1

1 − ‖SA‖∞
|SA|EDc

W

)
|(In − SB)

−1|T

= R
(2)
W |(In − SB)

−1|T = (|(In − SB)
−1|R(2)T

W )T

≤
(
R
(2)T
W + 1

1 − ‖SB‖∞
|SB|ETdiag(‖R(2)T

W:1 ‖∞, . . . , ‖R(2)T
W:m ‖∞)

)T

=
(
R
(2)T
W + 1

1 − ‖SB‖∞
|SB|ETD(2)

W

)T

= R
(2)
W + 1

1 − ‖SB‖∞
D

(2)
W E|SB|T = R

(2)
V . (11)

These two upper bounds yield |Ṽ−1
A RṼ

−T
B | ≤ RV . It finally follows from this inequality and (10) that
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|X̃ − X∗| ≤ |ṼA|
(
RV ./ |D̃| + ‖RV ./ |D̃|‖M

1 − ‖TD‖M

TD

)
|ṼB|T

= |ṼA|
(
RD + ‖RD‖M

1 − ‖TD‖M

TD

)
|ṼB|T = |ṼA|U|ṼB|T = Xε. �

The proposed algorithms based on Theorems 1 and 2 compute Xε considering rounding errors. For

practically computing Xε , we need to determine X̃ , D̃A, ṼA, WA, D̃B, ṼB and WB. If X̃ is close to X∗, the
absolute value of each component of R becomes small. Hence we determine X̃ as a numerical result

for X∗. We can expect that ‖SA‖∞ < 1 and ‖SB‖∞ < 1 hold if WA and WB are not far from Ṽ
−1
A and

Ṽ
−1
B , respectively. Adding with these conditions, if D̃A, ṼA, D̃B and ṼB are not far from DA, VA, DB and

VB, respectively, we can expect that ‖TD‖M < 1 follows. Thus we determine D̃A, ṼA,WA, D̃B, ṼB andWB

as numerical results for DA, VA, Ṽ
−1
A , DB, VB and Ṽ

−1
B , respectively. Note that the overall computation

involves only O(m3 + n3) operations.

2.2. Theory based on block diagonalization

IfA and/orB are not diagonalizable, or ṼA and/or ṼB are ill conditioned,we cannot verify‖SA‖∞ < 1,

‖SB‖∞ < 1 or ‖TD‖M < 1, so that Theorems 1 and 2 are not applicable. In such situations, we can

utilize block diagonalization

Vb−1

A AVb
A = Db

A and Vb−1

B BTVb
B = Db

B,

where Vb
A ∈ C

m×m and Vb
B ∈ C

n×n are nonsingular, and Db
A and Db

B are block diagonal with each

diagonal block being triangular. This block diagonalization has been introduced also in [14]. The algo-

rithm in [18] 1 numerically computes these matrices. Although we can require either, upper or lower

triangular form in principle, it is advantageous in the view of computational cost to assume that the

both of Db
A and Db

B are upper or lower triangular, since In ⊗Db
A +Db

B ⊗ Im becomes also triangular. This

algorithm arrows to trade a better condition of Ṽ b
A for larger diagonal blocks in D̃b

A.

In this subsection, we develop theory for enclosing solutions in (1) based on the block diagonaliza-

tion. We present Lemma 4 and Corollary 1 for proving Theorems 3 and 4. Lemma 4 and Corollary 1 are

modifications of [19, Lemma 7.3] and [19, Theorem 4.2], respectively, suited for estimating residuals

for approximate inverses of complex sparse triangular matrices whose diagonal elements consist of

sum of two numbers.

Lemma 4. Let T ∈ FC
mn×mn be triangular, Tii = t

(i)
1 + t

(i)
2 	= 0, i = 1, . . . ,mn, dT :=

(T11, . . . , Tmnmn)
T , the maximum number of nonzero elements in each row ofT be bounded byμ ≤ mn,

additions t
(i)
1 + t

(i)
2 be executed by floating point operation, and a linear system Tx = b be solved via

backward or forward substitution. Then including underflow, the computed solution x̃ satisfies

|b − Tx̃| ≤ ζμ|T||x̃| + 2
√

2u

1 − μu
(μs(mn) + 2(1 + √

2γ4)|dT|).

Proof. We defer a proof until Appendix, since techniques used in this proof are not needed in this

section. �

Corollary 1. Let D̃b
A ∈ FC

m×m and D̃b
B ∈ FC

n×n be block diagonal with each diagonal block being

triangular, D̃b
A and −D̃b

B have no diagonal elements in common, α and β be the maximum block size in D̃b
A

and D̃b
B, respectively, σ := α+β −1,�b := In⊗ D̃b

A+ D̃b
B ⊗ Im, d� := (�b

11, . . . , �b
mnmn)

T , additions in

1 For preserving real quantities, the algorithm in [18] actually computes only quasi triangular blocks, which contains real 2 × 2

diagonal subblocks for anypair of conjugate complex eigenvalues. For simplicity,wealways reduce such subblocks to a truly triangular

subblock containing the complex conjugate eigenvalues via a unitary similarity transformation.



S. Miyajima / Linear Algebra and its Applications 439 (2013) 856–878 863

�b
ii be executed by floating point operations, e(i) be the i-th column of Imn, F be the approximate inverse of

�b whose rows e(j)TF are computed by substitution, in any order, of mn linear systems�bT (FT e(i)) = e(i),

and S := Imn − F�b. Then including possible underflow,

|S| ≤ ζσ |F||�b| + 2
√

2u

1 − σu
s(mn)(σ s(mn)T + 2(1 + √

2γ4)|d�|T ).

Remark 2. By exploiting Corollary 1, an upper bound for |S|s(mn) can be computedwithout executing

the matrix multiplication F�b, which requires O(m3n3) operations. See (13) for detail.

Proof. The result follows by applying Lemma 4 for �bT (FT e(i)) = e(i), i = 1, . . . ,mn. Observe that

the maximum number of nonzero elements in each column of �b is bounded by σ . �

We construct Theorems 3 and 4 for enclosing solutions in (1) based on the block diagonalization.

Theorem 3. Let D̃b
A, D̃

b
B, σ , d� and F be as in Corollary 1, X̃ ∈ C

m×n, Ṽb
A ,W

b
A ∈ C

m×m, Ṽb
B ,W

b
B ∈ C

n×n,

SbA, S
b
B and Tb be similar to SA, SB and T in Theorem 1, respectively, for D̃b

A, Ṽ
b
A , W

b
A , D̃

b
B, Ṽ

b
B and Wb

B , and

fT := |F|vec(Tb), D̃b := |D̃b
A|E + E|D̃b

B|T ,
fD := ζσ |F|vec(D̃b) + 2

√
2u(mnσ + 2(1 + √

2γ4)|d�|T s(mn))

1 − σu
s(mn),

Tb
D := mat

(
fT + ‖fT‖∞

1 − ‖fD‖∞
fD

)
.

If‖SbA‖∞ < 1 and ‖SbB‖∞ < 1, then Ṽb
A andWb

A , and Ṽ
b
B andWb

B are nonsingular, respectively. Additionally

if ‖fD‖∞ < 1 and ‖Tb
D‖M < 1, (1) has a unique solution X∗.

Proof. LetPbe as in (2),R be as in Theorem2,�b andSbe as in Corollary 1, and�b bedefined similarly

to � in the proof of Theorem 1 for D̃b
A, D̃

b
B, Ṽ

b
A , Ṽ

b
B ,W

b
A andWb

B . Similarly to the proof of Theorem 1, Ṽ b
A ,

Wb
A , Ṽ

b
B , W

b
B and �b are nonsingular, and

P = (Ṽ b
B ⊗ Ṽ b

A)Q
b(Ṽ b−1

B ⊗ Ṽ b−1

A ), Qb := �b(Imn − �b−1

�b). (12)

It holds from Lemma 1 and Corollary 1 that

|S|s(mn) ≤ ζσ |F||�b|s(mn) + 2
√

2u(mnσ + 2(1 + √
2γ4)|d�|T s(mn))

1 − σu
s(mn)

≤ ζσ |F|(In ⊗ |D̃b
A| + |D̃b

B| ⊗ Im)vec(E)+ 2
√

2u(mnσ + 2(1 + √
2γ4)|d�|T s(mn))

1 − σu
s(mn)

= ζσ |F|vec(D̃b) + 2
√

2u(mnσ + 2(1 + √
2γ4)|d�|T s(mn))

1 − σu
s(mn) = fD. (13)

This, ‖fD‖∞ < 1 and Lemma 2 show the nonsingularity of Imn −S. It follows from this nonsingularity,

‖fD‖∞ < 1, Lemma 3, (8) and (13) that

|�b−1

�b|s(mn) ≤ |�b−1 ||�b|vec(E)
≤ |�b−1 |vec(Tb) = |(Imn − S)−1F|vec(Tb)

≤ |(Imn − S)−1|fT
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≤ fT + ‖fT‖∞
1 − ‖S‖∞

|S|s(mn)

≤ fT + ‖fT‖∞
1 − ‖fD‖∞

fD = vec(Tb
D). (14)

This, ‖vec(Tb
D)‖∞ = ‖Tb

D‖M < 1, Lemma 2 and (12) give that P is nonsingular, i.e., (1) has a unique

solution X∗. �

Theorem 4. Let F be as in Corollary 1, Ṽb
A , W

b
A , Ṽ

b
B , W

b
B , S

b
A, S

b
B, fD and Tb

D be as in Theorem 3, RbV be similar

to RV in Theorem 2 for Wb
A , W

b
B , S

b
A and SbB,

fR := |F|vec(RbV ), RbD := mat

(
fR + ‖fR‖∞

1 − ‖fD‖∞
fD

)
,

and Xεb be defined similarly to Xε in Theorem 2 for Tb
D, R

b
D, Ṽ

b
A and Ṽb

B . If all the assumptions in Theorem 3

are satisfied, |X̃ − X∗| ≤ Xεb holds.

Proof. Let R be as in Theorem 2,�b and S be as in Corollary 1,�b be as in the proof of Theorem 3, and

Ub be defined similarly to U in Theorem 2 for Tb
D and RbD. Lemmas 1 and 3, (9), (11), (13) and (14) yield

vec(|X̃ − X∗|) = |(Ṽ b
B ⊗ Ṽ b

A)(Imn − �b−1

�b)−1�b−1

vec(Ṽ b−1

A RṼb−T

B )|
≤ |Ṽ b

B ⊗ Ṽ b
A ||(Imn − �b−1

�b)−1||�b−1 |vec(|Ṽ b−1

A RṼb−T

B |)
≤ |Ṽ b

B ⊗ Ṽ b
A ||(Imn − �b−1

�b)−1||�b−1 |vec(RbV )

≤ |Ṽ b
B ⊗ Ṽ b

A ||(Imn − �b−1

�b)−1||(Imn − S)−1F|vec(RbV )

≤ |Ṽ b
B ⊗ Ṽ b

A ||(Imn − �b−1

�b)−1||(Imn − S)−1|fR
≤ |Ṽ b

B ⊗ Ṽ b
A ||(Imn − �b−1

�b)−1|
(
fR + ‖fR‖∞

1 − ‖S‖∞
|S|s(mn)

)

≤ |Ṽ b
B ⊗ Ṽ b

A ||(Imn − �b−1

�b)−1|
(
fR + ‖fR‖∞

1 − ‖fD‖∞
fD

)

= |Ṽ b
B ⊗ Ṽ b

A ||(Imn − �b−1

�b)−1|vec(RbD)
≤ |Ṽ b

B ⊗ Ṽ b
A |

(
vec(RbD) + ‖vec(RbD)‖∞

1 − ‖�b−1
�b‖∞

|�b−1

�b|s(mn)

)

≤ |Ṽ b
B ⊗ Ṽ b

A |
(
vec(RbD) + ‖vec(RbD)‖∞

1 − ‖vec(Tb
D)‖∞

vec(Tb
D)

)

= |Ṽ b
B ⊗ Ṽ b

A |vec
(
RbD + ‖RbD‖M

1 − ‖Tb
D‖M

Tb
D

)
= |Ṽ b

B ⊗ Ṽ b
A |vec(Ub)

= (|Ṽ b
B | ⊗ |Ṽ b

A |)vec(Ub) = vec(Xεb),

proving |X̃ − X∗| ≤ Xεb. �

The proposed algorithms based on Theorems 3 and 4 compute Xεb considering rounding errors.

Similarly to Section 2.1, X̃ , D̃b
A, Ṽ

b
A , W

b
A , D̃

b
B, Ṽ

b
B and Wb

B are determined as numerical results for X∗, Db
A,

Vb
A , Ṽ

b−1

A , Db
B, V

b
B and Ṽ b−1

B , respectively, in the practical execution. Note that the computation of Xεb

requires O(σm2n2) operations, since the computationally most complex part is the calculation of F
and this calculation involves O(σm2n2) operations.
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3. Techniques for accelerating the enclosure

In this section, we introduce techniques for accelerating the computation in the proposed algo-

rithms. Let ṼA, WA, SA, SB, T , R
(j)
W , R

(j)
V for j = 1, 2 and Xε be as in Section 2.1, and F, SbA, S

b
B and Xεb be

as in Section 2.2.

As described in Section 2, the proposed algorithms compute Xε or Xεb taking rounding errors into

account. For computing Xε , we need to compute T , R
(j)
W and R

(j)
V for j = 1, 2. If upper bounds for |SA|s(m)

and |SB|s(n) have been obtained, we do not need to execute matrix multiplications |SA|E and E|SB|T ,
since

|SA|E = (|SA|s(m), . . . , |SA|s(m)) and E|SB|T = (|SB|s(n), . . . , |SB|s(n))T ,
respectively. Analogously we do not need to execute matrix multiplications |RA|E and E|RB|T , if upper
bounds for |RA|s(m) and |RB|s(n) have been obtained. Thus the computation of T requires onlyO(m2 +
n2) operations if upper bounds for |SA|s(m), |SB|s(n), |RA|s(m) and |RB|s(n) have been obtained. Similarly

the computation of R
(j)
W and R

(j)
V for j = 1, 2 requires only O(m2 + n2) operations if upper bounds for

|SA|s(m), |SB|s(n) and |RW | have been obtained. Completely analogous discussion is possible also in the

computation of Xεb.

The following technique accelerates the computation of upper bounds for |SA|s(m) and |SB|s(n):
From [20, Proof of Theorem 2] and Lemma 5, we have

|SA|s(m) ≤ |fl(SA)|s(m) + ϕm−1|WA||ṼA|s(m)

+u(|fl(WAṼA)|s(m) + s(m)) + 2
√

2m2u(1 + γm−1)s
(m), (15)

whereϕp = (
√

5u+(1+√
5u)γp), if u < 2−5. Note that (15) holds also in the presence of underflow.

The analogous of (15) also follows for |SB|s(n). From (15) and its analogous for |SB|s(n), we need to

executematrixmultiplicationsWAṼA andWBṼB only once in rounding-to-nearestmode for calculating

the rigorous upper bounds for |SA|s(m) and |SB|s(n), respectively, so that the computations of T , R
(j)
W and

R
(j)
V for j = 1, 2 can be accelerated.

Similar technique is applicable also in the computations of upper bounds for |SbA|s(m) and |SbB|s(n). In
the computationofXεb, on theotherhand,wecannot expect that this technique remarkably accelerates

the overall computation. The reason is that the computation of F in Corollary 1 requires O(σm2n2)
operations, while this technique reduces the frequency of O(m3 + n3) operations.

4. Techniques for obtaining smaller error bounds

In this section, we introduce techniques for obtaining smaller error bounds. Let P be as in (2), DA,

DB, VA, VB, ṼA, ṼB,WA,WB, D̃, R and Xε be as in Section 2.1, and Db
A, D

b
B, �

b, F, σ , Vb
A , V

b
B , Ṽ

b
A , Ṽ

b
B and Xεb

be as in Section 2.2.

For reducing each component of Xε and Xεb, we need to reduce the absolute values of each com-

ponent of R. For obtaining R whose components are small in the sense of absolute value, an accurate

approximation X̃ to X∗ is necessary. Such accurate X̃ can be obtained via iterative refinement. For

y := P−1vec(R), we have

vec(X̃) − y = P−1(Pvec(X̃) − vec(AX̃ + X̃B) + vec(C)) = vec(X∗).
For producing accurate X̃ , moreover, it is necessary to compute Rwith extended precision computation

(see e.g., [21]). Hence iterative refinement for X̃ can be executed by repeating the following procedure:

1. Compute R with extended precision computation.

2. Solve linear systems Py = vec(R).

3. Update X̃ such that X̃ = X̃ − mat(y).



866 S. Miyajima / Linear Algebra and its Applications 439 (2013) 856–878

Whenwe formP explicitly and solvePy = vec(R) via direct methods, on the other hand,O(m3n3)
operationsare required, so that the iterative refinement isprohibitive in theviewof computational cost.

Thus we present the techniques for reducing the computational cost of this procedure toO(m3 + n3)
operations.

4.1. Iterative refinement exploiting spectral decomposition

Consider the spectral decomposition discussed in Section 2.1. From the analogous derivation to the

proof of Theorem 1, it holds that

P−1vec(R) = (VB ⊗ VA)(In ⊗ DA + DB ⊗ Im)−1(V−1
B ⊗ V

−1
A )vec(R)

= (VB ⊗ VA)(In ⊗ DA + DB ⊗ Im)−1vec(V−1
A RV−T

B )

= (VB ⊗ VA)vec((V
−1
A RV−T

B ) ./D)

= vec(VA((V
−1
A RV−T

B ) ./D)VT
B ),

whereD := DAE+EDB. ThereforePy = vec(R) can be numerically solvedwithO(m3+n3) operations

by exploiting ṼA, ṼB, WA, WB and D̃. This discussion modifies the above procedure as follows:

1. Compute R with extended precision computation.

2. Compute Y := ṼA((WARW
T
B ) ./ D̃)Ṽ T

B .

3. Update X̃ such that X̃ = X̃ − Y .

Remark 3. The iterative refinement based on the standard direct methods in Section 1, i.e., that ex-

ploiting the Schur decomposition is also possible. SolvingPy = vec(R)with the Schur decompositions

requires four matrix multiplications and the forward or backward substitution, if the decompositions

are completed. This forward or backward substitution requires O(m3 + n3) operations. On the other

hand, solving this equationwith the spectral decompositions requires fourmatrixmultiplications and

the pointwise division, if ṼA, ṼB, WA, WB and D̃ have already been obtained. This pointwise division

requires only O(m2 + n2) operations. Hence the iterative refinement based on the procedure given

in this subsection is faster than that exploiting the Schur decomposition in the case when the algo-

rithms based on Theorems 1 and 2 are executed. Analogous discussion is also possible for the iterative

refinement in Section 4.2 if σ = O(1).

4.2. Iterative refinement exploiting block diagonalization

Consider the block diagonalization described in Section 2.2. It follows that

P−1vec(R) = (Vb
B ⊗ Vb

A)(In ⊗ Db
A + Db

B ⊗ Im)−1(Vb−1

B ⊗ Vb−1

A )vec(R)

= (Vb
B ⊗ Vb

A)(In ⊗ Db
A + Db

B ⊗ Im)−1vec(Vb−1

A RVb−T

B )

= (Vb
B ⊗ Vb

A)vec(mat((In ⊗ Db
A + Db

B ⊗ Im)−1vec(Vb−1

A RVb−T

B )))

= vec(Vb
Amat((In ⊗ Db

A + Db
B ⊗ Im)−1vec(Vb−1

A RVb−T

B ))VbT
B ).

Hence we can exploit Ṽ b
A ,W

b
A , Ṽ

b
B ,W

b
B and F. Then the above procedure can be modified as follows:

1. Compute R with extended precision computation.

2. Compute Yb := Ṽ b
Amat(Fvec(Wb

ARW
bT
B ))Ṽ bT

B .

3. Update X̃ such that X̃ = X̃ − Yb.

However this procedure requires O(m2n2) operations, since F ∈ C
mn×mn is dense triangular. This

procedure can be revised as follows, where D̃b
A and D̃b

B are assumed to be lower triangular without loss

of generality:
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1. Compute R with extended precision computation.

2. Solve �by = vec(Wb
ARW

bT
B ) via forward substitution.

3. Compute Yb := Ṽ b
Amat(y)Ṽ bT

B .

4. Update X̃ such that X̃ = X̃ − Yb.

This procedure requiresO(m3 +n3) operations. The reason is that 1 ≤ σ ≤ m+n−1 and the second

step requiresO(σmn) operations, since themaximumnumber of nonzero elements in each row of�b

is bounded by σ .

5. Numerical results

In this section, we report some numerical results to show the property of the proposed algorithms

and performance of our implementation. Let X∗, X̃ , D̃A, D̃B, ṼA, ṼB, WA, WB, SA, R, TD D̃b
A, D̃

b
B, σ , Ṽ b

A , Ṽ
b
B ,

Wb
A ,W

b
B , fD and Tb

D be as in Section 2.

We used a computer with Intel Xeon 2.66GHz Dual CPU, 4.00GB RAM and MATLAB 7.5 with Intel

Math Kernel Library and IEEE 754 double precision. We applied the function lyap from the MATLAB

Control System Toolbox for obtaining X̃ . The function bdschur in MATLAB Control System Toolbox

and the MATLAB function schurwere executed for obtaining D̃b
A and Ṽ b

A .
2 The function bdschur can

take an upper bound for the condition number of Ṽ b
A as an input and adjusts the number of diagonal

blocks in D̃b
A and their sizes accordingly. Moreover this function outputs the size of each block in D̃b

A.

Thus we can compute σ by exploiting this output. We asked for a condition number in Ṽ b
A of 1/

√
ε ≈

6.7e+7, the default value in bdschur, where ε = 2−52 is the machine epsilon. The MATLAB functions

eig and invwere called for obtaining D̃A, D̃B, ṼA and ṼB, andWA, WB andWb
A , respectively.

In someof theproposedalgorithms,wecomputedXε orXεbwith the iterative refinementsdiscussed

in Sections 4.1 or 4.2, respectively. In order to compute matrix multiplications AX̃ and X̃B within R

with extended precision, we created and executed the modified version of the function Acc_Mul 3

in [22]. For m × n and n × p floating point matrices M and N, respectively, Acc_Mul(M,N, k, δ)
outputs onematrix Cwhich is an accurate approximation forMN. InAcc_Mul(M,N, k, δ),M andN are

splited into unevaluated sum of floating point matrices such thatM = ∑kM
i=1 M

(i) and N = ∑kN
j=1 N

(j),

where kM ≤ k and kN ≤ k, respectively. If the number of nonzero elements in M(i), i = 1, . . . , kM
and/or N(j), j = 1, . . . , kN are smaller than δmn and/or δnp, thenM(i) and/or N(j) are stored in sparse

format, respectively. Namely the parameters k and δ are the maximum number of the matrix splitting

and the criterion for using the sparse format, respectively (see [22] for detail). The modified version

of Acc_Mul outputs several matrices G(1), . . . , G(l) where
∑l

i=1 G
(i) is an accurate approximation of

MN. The positive integer l is determined during the execution. Concretely, in the modified version,

the last for-loop (sum) in Acc_Mul is deleted, and the output is changed from C (evaluated sum) to

G(1), . . . , G(l) (unevaluated sum). We name the modified version as Acc_Mul_noSum.
For computing matrix additions and subtractions within R with extended precision, we created

and executed the matrix version of the function Sum2 4 in [23]. For m × n floating point matrices

M(1), . . . ,M(p), the matrix version of Sum2 computes the sum
∑p

i=1 M
(i) in 2-fold working precision

(see [23] for details). We name this matrix version as Sum2_Mat.
Exploiting Acc_Mul_noSum and Sum2_Mat, R can be computed with extended precision by the

following code, where Ar and Ac are the real and imaginary parts of A, respectively, and Br , Bc , Cr , Cc ,

2 We executed the algorithms based on Theorems 3 and 4 for the Lyapunov equation (16) only. Thus computations of D̃b
B , Ṽ

b
B and

Wb
B were not needed.
3 When we execute Acc_Mul, it is assumed that neither overflow nor underflow occurs during the execution. In the examples

shown below, we verified that neither overflow nor underflow occurred during the execution.
4 There are algorithms (e.g., [23–26]) which returns more accurate results for floating point summations than Sum2. However Xε

and Xεb were not improved even when we executed such algorithms in the examples below.
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X̃r and X̃c are defined analogously:

[Y
(1)
rr , . . . , Y

(l1)
rr ] = Acc_Mul_noSum(Ar, X̃r, 3, 0.1);

[Y
(1)
cc , . . . , Y

(l2)
cc ] = Acc_Mul_noSum(Ac, X̃c, 3, 0.1);

[Y
(1)
rc , . . . , Y

(l3)
rc ] = Acc_Mul_noSum(Ar, X̃c, 3, 0.1);

[Y
(1)
cr , . . . , Y

(l4)
cr ] = Acc_Mul_noSum(Ac, X̃r, 3, 0.1);

[Z
(1)
rr , . . . , Z

(l5)
rr ] = Acc_Mul_noSum(X̃r, Br, 3, 0.1);

[Z
(1)
cc , . . . , Z

(l6)
cc ] = Acc_Mul_noSum(X̃c, Bc, 3, 0.1);

[Z
(1)
rc , . . . , Z

(l7)
rc ] = Acc_Mul_noSum(X̃r, Bc, 3, 0.1);

[Z
(1)
cr , . . . , Z

(l8)
cr ] = Acc_Mul_noSum(X̃c, Br, 3, 0.1);

Rr = Sum2_Mat(Y
(1)
rr , . . . , Y

(l1)
rr , −Y

(1)
cc , . . . , −Y

(l2)
cc , Z

(1)
rr , . . . , Z

(l5)
rr , −Z

(1)
cc , . . . , −Z

(l6)
cc , −Cr);

Rc = Sum2_Mat(Y
(1)
rc , . . . , Y

(l3)
rc , Y

(1)
cr , . . . , Y

(l4)
cr , Z

(1)
rc , . . . , Z

(l7)
rc , Z

(1)
cr , . . . , Z

(l8)
cr , −Cc);

R = Rr + i*Rc;

We set the number of iteration as one, 5 and executed the iterative refinement before computing Xε

or Xεb.

We need to enclose R for computing Xε or Xεb considering rounding errors. In the enclosure of

R in the proposed algorithms including iterative refinements, we also used the extended precision.

For enclosing the result of matrix multiplications AX̃ and X̃B within R with extended precision, we

created and executed the modified version of Acc_Mul_noSum. For the above M, N and l, this modi-

fied version outputs floating point matrices G(1), . . . , G(lG), H(1), . . . ,H(lH), H
(1)

, . . . ,H
(lH)

satisfying

lG + lH = l, H(j) ≤ H
(j)
, j = 1, . . . , lH ,MN ∈

[∑lG
i=1 G

(i) + ∑lH
j=1 H

(j),
∑lG

i=1 G
(i) + ∑lH

j=1 H
(j)

]
, where

[H,H] for H ≤ H is a matrix interval whose infmum and supmum are H and H, respectively. Con-

cretely, in this modified version, the third for-loop (matrix multiplications including rounding error)

in Acc_Mul_noSum are executed twice: once in rounding to −∞ mode and once in rounding to ∞
mode. The matrices H(1), . . . ,H(lH) and H

(1)
, . . . ,H

(lH)
are results of these rounded multiplications.

The matrices G(1), . . . , G(lG) are results of error-free matrix multiplications in the second for-loop in

Acc_Mul_noSum. We name this modified version as Acc_Mul_noSum_Int.
For enclosing the result of matrix additions and subtractions within R with extended precision,

we created and used the two modified versions of Sum2_Mat. For the above M(1), . . . ,M(p), the first

modification computes a rigorous lower bound for
∑p

i=1 M
(i) in 2-fold working precision. Concretely,

in the first modification, the last floating point summation in Sum2_Mat is executed in rounding to

−∞mode. The secondmodification compute a rigorous upper bound of
∑p

i=1 M
(i) whosemechanism

is analogous to the first one. We name the first and the second modifications as Sum2_Mat_Inf and

Sum2_Mat_Sup, respectively.
Exploiting Acc_Mul_noSum_Int, Sum2_Mat_Inf and Sum2_Mat_Sup, R can be enclosed with

extended precision by the following code:

[Y
(1)
rr , . . . , Y

(lY1)
rr , P

(1)
rr , . . . , P

(lP1)
rr , P

(1)
rr , . . . , P

(lP1)
rr ] = Acc_Mul_noSum_Int(Ar, X̃r, 3, 0.1);

[Y
(1)
cc , . . . , Y

(lY2)
cc , P

(1)
cc , . . . , P

(lP2)
cc , P

(1)
cc , . . . , P

(lP2)
cc ]= Acc_Mul_noSum_Int(Ac, X̃c, 3, 0.1);

[Y
(1)
rc , . . . , Y

(lY3)
rc , P

(1)
rc , . . . , P

(lP3)
rc , P

(1)
rc , . . . , P

(lP3)
rc ]= Acc_Mul_noSum_Int(Ar, X̃c, 3, 0.1);

[Y
(1)
cr , . . . , Y

(lY4)
cr , P

(1)
cr , . . . , P

(lP4)
cr , P

(1)
cr , . . . , P

(lP4)
cr ] = Acc_Mul_noSum_Int(Ac, X̃r, 3, 0.1);

5 In the examples below, Xε and Xεb were not improved even when we set the number of iterations as two or more.
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[Z
(1)
rr , . . . , Z

(lZ1)
rr ,Q (1)

rr
, . . . ,Q (lQ1)

rr
,Q

(1)
rr , . . . ,Q

(lQ1)
rr ]= Acc_Mul_noSum_Int(X̃r, Br, 3, 0.1);

[Z
(1)
cc , . . . , Z

(lZ2)
cc ,Q (1)

cc
, . . . ,Q (lQ2)

cc
,Q

(1)
cc , . . . ,Q

(lQ2)
cc ]= Acc_Mul_noSum_Int(X̃c, Bc, 3, 0.1);

[Z
(1)
rc , . . . , Z

(lZ3)
rc ,Q (1)

rc
, . . . ,Q (lQ3)

rc
,Q

(1)
rc , . . . ,Q

(lQ3)
rc ]= Acc_Mul_noSum_Int(X̃r, Bc, 3, 0.1);

[Z
(1)
cr , . . . , Z

(lZ4)
cr ,Q (1)

cr
, . . . ,Q (lQ4)

cr
,Q

(1)
cr , . . . ,Q

(lQ4)
cr ]= Acc_Mul_noSum_Int(X̃c, Br, 3, 0.1);

Rr = Sum2_Mat_Inf(Y
(1)
rr , . . . , Y

(lY1)
rr , P

(1)
rr , . . . , P

(lP1)
rr , −Y

(1)
cc , . . . , −Y

(lY2)
cc ,

−P
(1)
cc , . . . , −P

(lP2)
cc , Z

(1)
rr , . . . , Z

(lZ1)
rr ,Q (1)

rr
, . . . ,Q (lQ1)

rr
,

−Z
(1)
cc , . . . , −Z

(lZ2)
cc , −Q

(1)
cc , . . . , −Q

(lQ2)
cc , −Cr);

Rc = Sum2_Mat_Inf(Y
(1)
rc , . . . , Y

(lY3)
rc , P

(1)
rc , . . . , P

(lP3)
rc , Y

(1)
cr , . . . , Y

(lY4)
cr ,

P
(1)
cr , . . . , P

(lP4)
cr , Z

(1)
rc , . . . , Z

(lZ3)
rc ,Q (1)

rc
, . . . ,Q (lQ3)

rc
,

Z
(1)
cr , . . . , Z

(lZ4)
cr ,Q (1)

cr
, . . . ,Q (lQ4)

cr
, −Cc);

Rr = Sum2_Mat_Sup(Y
(1)
rr , . . . , Y

(lY1)
rr , P

(1)
rr , . . . , P

(lP1)
rr , −Y

(1)
cc , . . . , −Y

(lY2)
cc ,

−P
(1)
cc , . . . , −P

(lP2)
cc , Z

(1)
rr , . . . , Z

(lZ1)
rr ,Q

(1)
rr , . . . ,Q

(lQ1)
rr ,

−Z
(1)
cc , . . . , −Z

(lZ2)
cc , −Q (1)

cc
, . . . , −Q (lQ2)

cc
, −Cr);

Rc = Sum2_Mat_Sup(Y
(1)
rc , . . . , Y

(lY3)
rc , P

(1)
rc , . . . , P

(lP3)
rc , Y

(1)
cr , . . . , Y

(lY4)
cr ,

P
(1)
cr , . . . , P

(lP4)
cr , Z

(1)
rc , . . . , Z

(lZ3)
rc ,Q

(1)
rc , . . . ,Q

(lQ3)
rc ,

Z
(1)
cr , . . . , Z

(lZ4)
cr ,Q

(1)
cr , . . . ,Q

(lQ4)
cr , −Cc);

Then R ∈ [Rr, Rr] + i[Rc, Rc] follows. Note that the number of function calls in the above two codes

can be reduced if A, B, C or X̃ are real.

We denote the compared algorithms as follows:

M1: The algorithm based on Theorems 1 and 2 with the techniques in Section 3.

M1i: M1 with the iterative refinement in Section 4.1.

M2: The algorithm based on Theorems 3 and 4 with the techniques in Section 3.

M2i: M2 with the iterative refinement in Section 4.2.

V: Versoft [13] function VERMATEQN.
FH1: The algorithm in [14] with usual double precision.

FH1i: The algorithm in [14] with improved precision [27].

FH1q: The algorithm in [14] with simulated quadruple precision [23].

FH2: The block diagonalization version of FH1.

FH2i: The block diagonalization version of FH1i.

FH2q: The block diagonalization version of FH1q.

We adopted the techniques in Section 3 also in M2 and M2i, since computing times were reduced

slightly.

Let an interval matrix X include X∗ and rad(X ij) be the radius of X ij . Similarly to [14], in order to

assess the quality of the enclosures, we define the relative radii

ξij := rad(X ij)

max{|Xij| : Xij ∈ X ij} , i = 1, . . . ,m, j = 1, . . . , n.

When X∗ is enclosed by M1, M1i, M2 or M2i, we have

ξij = |Xε
ij |

|X̃ij| + |Xε
ij |

or ξij = |Xεb
ij |

|X̃ij| + |Xεb
ij | .

We define maximum relative radius mrr and average relative radius arr as
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mrr := max
i,j

ξij and arr :=
⎛
⎝∏

i,j

ξij

⎞
⎠

1
mn

,

respectively. Let tenc, tlyap and tV be the computing time of an enclosing algorithm, lyap and the

Versoft routine V, respectively. Define time ratios for lyap and V as

time ratio for lyap := tenc

tlyap
and time ratio for V := tenc + tlyap

tV
,

respectively. We report results for the numerical examples treated in [14]. The radii mrr and arr ob-

tained by FH1, FH1i, FH1q, FH2, FH2i and FH2q are reproduced from [14].We calculated the above time

ratios of FH1, FH1i, FH1q, FH2, FH2i and FH2q from the computing times reported in [14]. Since FH1,

FH1i, FH1q, FH2, FH2i and FH2q include the computation of X̃ by lyap, we calculated the above time

ratios of these algorithms such that

time ratio for lyap = tenc − tlyap

tlyap
and time ratio for V = tenc

tV
.

Note that the comparison of the time ratios of the proposed algorithms with those of the algorithms

in [14] is not completely fair, since the results reported in [14] have been obtained using a different

hardware.

5.1. Results for well conditioned problems

In this subsection, we report the obtained radii and time ratios for the parameterized test examples

in [28]. Let a, b, s be real parameters, and

A = fl(T−T
0 A0T

T
0 ), B = fl(T0B0T

−1
0 ) and C = fl(T−T

0 C0T
−1
0 ),

where

A0 := fl(diag(−1, −a, . . . , −an−1)), B0 := fl(diag(−1, −b, . . . , −bn−1)),

C0 := diag(1, . . . , n), T0 := fl(H2S0H1), S0 := fl(diag(1, s, . . . , sn−1)),

H1 := fl(In − (2/n)eeT ), e := (1, . . . , 1)T ,

H2 := fl(In − (2/n)ff T ), f := (−1, 1, . . . , (−1)n)T .

Similarly to [14], we took a = 1.03, b = 1.008 and s = 1.001. Table 1 displays mrr and arr given

by M1, M1i, V, FH1, FH1i and FH1q for various n. Table 2 shows time ratios for lyap in a part of the

examples in Table 1. In Tables 1–3, the notation OM means that V failed because of out of memory.

Table 1

The radii mrr and arr in the examples in [28].

n M1 M1i V FH1 FH1i FH1q

mrr mrr mrr mrr mrr mrr

arr arr arr arr arr arr

50 2.2e–10 2.1e–13 2.5e–12 6.0e–8 3.6e–9 2.2e–16

1.2e–12 1.2e–15 1.8e–14 1.8e–11 1.2e–12 1.6e–16

100 6.9e–9 2.2e–12 OM 1.1e–6 1.5e–8 2.2e–16

3.8e–12 1.9e–15 OM 1.9e–10 3.4e–12 1.6e–16

200 1.2e–7 1.1e–11 OM 6.3e–6 1.9e–8 2.2e–16

9.8e–12 1.4e–15 OM 2.7e–9 1.3e–11 1.6e–16

300 1.8e–5 5.6e–11 OM 5.9e–3 1.3e–5 2.2e–16

1.1e–10 1.1e–15 OM 3.0e–8 4.9e–11 1.6e–16

400 5.6e–4 1.3e–10 OM 1.3e–1 8.1e–5 7.3e–16

1.2e–9 9.7e–16 OM 3.1e–7 1.3e–10 1.6e–16

500 4.5e–3 1.5e–10 OM 2.4e–1 8.3e–5 1.9e–15

1.5e–8 9.7e–16 OM 4.5e–6 8.7e–10 1.6e–16
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Table 2

The time ratios for lyap in the examples in [28].

n M1 M1i V FH1 FH1i FH1q

200 1.9 3.3 OM 5.0 7.0 12.0

300 2.0 3.8 OM 3.4 4.7 13.8

400 1.9 3.6 OM 2.9 3.9 12.4

500 1.8 3.5 OM 2.9 3.7 12.4

Table 3

The radii mrr and arr in the examples in [29].

Example M1 M1i V FH1i FH1q

number mrr mrr mrr mrr mrr

in [29], m arr arr arr arr arr

1.3, 4 9.8e–1 2.6e–1 1.0e+0 1.0e+0 1.0e+0

5.2e–12 5.3e–14 1.2e–13 1.4e–12 1.3e–14

1.10, 8 9.8e–1 1.4e–1 1.0e+0 1.0e+0 1.0e+0

1.5e–12 9.5e–15 8.7e–14 1.8e–13 4.6e–15

1.8, 9 6.3e–10 7.7e–14 8.2e–12 2.7e–13 2.2e–16

1.8e–12 2.5e–15 7.0e–14 1.4e–14 1.6e–16

1.6, 30 1.0e+0 3.2e–1 1.0e+0 1.0e+0 1.0e+0

6.5e–11 4.7e–14 9.8e–14 4.1e–13 1.3e–15

3.2, 40 7.8e–11 1.2e–13 4.1e–13 2.1e–12 2.2e–16

9.4e–12 5.6e–15 1.7e–13 1.0e–13 1.5e–16

1.9, 55 1.0e+0 1.0e+0 1.0e+0 1.0e+0 1.0e+0

2.8e–10 6.4e–12 1.6e–11 7.1e–11 1.7e–13

3.4, 421 1.0e+0 1.0e+0 OM 1.0e+0 6.4e–1

7.9e–9 2.8e–11 OM 1.9e–9 1.7e–16

Table 4

The time ratios for V in the examples in [29].

m M1 M1i V FH1i FH1q

30 3.6e–3 5.2e–3 1 2.1e–2 2.1e–2

40 9.0e–4 1.3e–3 1 5.7e–3 5.7e–3

55 3.0e–4 4.4e–4 1 4.5e–4 4.5e–4

It can be seen from Table 1 that M1 and M1i gave smaller radii than FH1 and FH1i, respectively.

When n = 50, M1 andM1i supplied larger and smaller radii than that by V, respectively. On the other

hand, FH1q yielded the smallest radii of all. We can confirm from Table 2 that M1was fastest of all and

the required computing time was approximately twice as much as that of lyap. The algorithm M1i

was slower than FH1 in many cases and faster than FH1i. The algorithm FH1q was slowest of all.

5.2. Results for the CTDSX benchmark collection

In this subsection, we report the obtained radii and time ratios for the examples in the CTDSX

benchmark collection [29]. We took these examples which have the form

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t),

where A ∈ R
m×m and B ∈ R

m×n. From A and B, we built the matrices A = A, B = AT and

C = fl(−BBT ) to formulate the Lyapunov equation

AX + XAT = C. (16)

Table 3 displaysmrr and arr given byM1,M1i, V, FH1i and FH1q for various examples. The first column

in Table 3 shows the example numbers in [29] and m. Table 4 shows time ratios for V in a part of the

examples in Table 3.

We can confirm from Table 3 that mrr obtained by M1i were smaller than those by FH1q when

example numbers were 1.3, 1.10 and 1.6. Moreover mrr by M1 were smaller than those by V when

example numbers were 1.3 and 1.10. We see similar tendencies to Section 5.1 with respect to mrr and
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Table 5

The radii mrr and arr for the example in [30].

Ex. no. in [30], m M1 M1i V FH1i FH1q

parameters mrr mrr mrr mrr mrr

arr arr arr arr arr

4.1, 10 2.8e–5 7.1e–10 3.1e–7 8.8e–8 2.2e–16

r =1.2, s =3.0 8.3e–6 3.0e–10 4.6e–8 2.6e–8 1.5e–16

4.1, 15 1.0e+0 1.5e–6 NaN 5.9e–4 1.8e–13

r =2.3, s =2.5 1.0e+0 5.2e–7 NaN 1.9e–4 5.9e–14

4.1, 50 9.6e–5 1.6e–11 3.0e–6 1.0e–8 2.2e–16

r =1.3, s =1.1 2.2e–8 8.6e–15 1.2e–9 2.3e–11 1.6e–16

4.2, 31 fail1 fail1 1.4e–9 1.0e+0 1.0e+0

s =1.2, λ =-1.1 fail1 fail1 2.2e–12 1.0e+0 1.0e+0

4.2, 25 fail2 fail2 5.1e–4 1.0e+0 1.0e+0

s =1.6, λ =-1.1 fail2 fail2 4.1e–5 1.0e+0 1.0e+0

4.2, 20 fail2 fail2 NaN 1.0e+0 9.3e–1

s =2.09, λ =-1.1 fail2 fail2 NaN 1.0e+0 1.7e–1

m M2 M2i FH2 FH2i FH2q

mrr mrr mrr mrr mrr

arr arr arr arr arr

31 6.0e–8 2.5e–11 8.2e–6 1.3e–6 2.2e–16

4.0e–10 1.5e–13 3.4e–8 5.3e–9 1.5e–16

25 5.3e–3 3.5e–8 1.0e+0 1.8e–1 1.3e–13

5.0e–4 3.3e–9 9.1e–1 9.1e–3 5.6e–15

20 fail3 fail3 1.0e+0 1.0e+0 3.9e–7

fail3 fail3 1.0e+0 1.0e+0 6.6e–9

Table 6

The time ratios for V in the examples in [30].

m M1 M1i V FH1i FH1q

50 3.3e–4 5.3e–4 1 7.1e–4 1.4e–3

31 fail1 fail1 1 1.9e–2 5.6e–2

25 fail2 fail2 1 5.3e–2 5.3e–2

20 fail2 fail2 1 9.1e–2 9.1e–2

m M2 M2i FH2 FH2i FH2q

31 1.7e–1 1.8e–1 3.6e+0 3.6e+0 3.6e+0

25 2.3e–1 2.3e–1 5.5e+0 5.5e+0 5.6e+0

20 fail3 fail3 5.2e+0 5.2e+0 5.2e+0

arr except these results. Similarly to Section 5.1, Table 4 shows that M1 and M1i were faster than FH1i

and FH1q. Although V did not cause out of memory when m = 30, 40 and 55, this algorithm was

slowest of all.

5.3. Results for the CTLEX benchmark collection

In this subsection, we report the obtained radii and time ratios for the examples in the CTLEX

benchmark collection [30]. These examples directly give the matrices A and C in (16). We computed

such A and C via floating point operations in rounding-to-nearest mode. Table 5 displays mrr and arr

obtained by M1, M1i, V, FH1i, FH1q, M2, M2i, V, FH2, FH2i and FH2q for various examples. The first

column in the above part of Table 5 shows the example numbers in [30], m and parameters. Table 6

shows time ratios for V in a part of the examples in Table 5. In Tables 5 or 6, the notations fail1, fail2

and fail3 mean that we could not prove ‖SA‖∞ < 1, ‖TD‖M < 1, and ‖fD‖∞ < 1 and ‖Tb
D‖M < 1,

respectively, so that M1, M1i, M2 or M2i failed.

Whenm = 15, althoughM1 completed the execution, the resultmade no sense, since arr= 1.0. The

algorithm V failed in this example.Whenm = 31 and 25, the results by FH1i and FH1qmade no sense,

and M1 and M1i failed. Whenm = 20, the result by FH1i made no sense, and M1, M1i and V failed. As

described in [14], the reason why many algorithms did not succeed when m = 31, 25 and 20 is that



S. Miyajima / Linear Algebra and its Applications 439 (2013) 856–878 873

ṼA is very ill-conditioned. Since we asked for a condition number in Ṽ b
A of 1/

√
ε, M2, M2i, FH2, FH2i

and FH2q succeeded even when m = 31 and 25. In these cases, M2 and M2i gave smaller radii than

those by FH2 and FH2i. On the other hand, FH2q gave the smallest radii of all. When m = 20, FH2q

succeeded, althoughM2 andM2i failed and FH2 and FH2i did not give meaningful results. From this it

can be seen that FH2q is robustest of all. From the casewhenm = 50 in Table 6, we can confirm similar

tendencies to Section 5.2 regarding to the computing times of M1, M1i, V, FH1i and FH1q. Whenm =
31 and 25,M2 andM2iweremuch faster than FH2, FH2i and FH2q. In these cases, the computing times

ofM2 andM2i were approximately equal. The reason is that computation ofF requires the largest cost

in both of M2 and M2i, and the other parts, including the iterative refinement and the enclosure of R

with the extended precision, did not remarkably influence the overall computing time.

6. Conclusion

In this paper, we proposed algorithms for enclosing solutions in (1). For developing these algo-

rithms, we presented Theorems 1–4 and introduced techniques for accelerating the enclosure and

obtaining smaller error bounds. Some numerical results were reported to show the properties of these

algorithms. As long as we compare the results obtained by M1 and M2 with FH1 and FH2 in Tables 1

and 5, respectively, it can be seen that the gains in quality of the enclosure come from the fact that

interval arithmetic, as used in [14], produces worse error bounds than those obtained by the proposed

algorithms. These comparisons are fair since these four algorithms do not use the extended precision

computation. Bymodifying these algorithms slightly, enclosingX∗ whereA, B or C are intervalmatrices

is also possible. Our future work will be to clarify the reason why Xε and Xεb were not improved even

when we set the numbers of iterations in the iterative refinements as two or more.
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Appendix

In what follows we give the proof of Lemma 4. Lemmas 5 and 6 are firstly presented and referred,

respectively. Lemma 7 is then established using Lemmas 5 and 6. The proof of Lemma 4 is finally given

utilizing Lemma 7. Lemma 5 is a modification of [6, Lemma 3.5] such that it covers underflow.

Lemma 5. For x, y ∈ FC, floating point addition, subtraction, multiplication and division according to

IEEE 754 satisfy

fl(x ± y) = (x ± y)(1 + δ±
1 ) = x ± y

1 + δ±
2

, |δ±
1 |, |δ±

2 | ≤ u,

fl(xy) = xy(1 + δ×) + η×, |δ×| ≤ √
2γ2, |η×| ≤ 2

√
2u,

fl(x / y) = x

y(1 + δ/)
+ η/, |δ/| ≤ √

2γ4, |η/| ≤ 4
√

2u,

also in the presence of underflow.

Remark 4. In [20, Lemma3], |δ×| and |η×| arebounded such that |δ×| ≤ √
5u and |η×| ≤ 4u, respec-

tively. Thus Lemma 5 overestimates and improves the upper bounds for |δ×| and |η×|, respectively.
In the proof of Lemma 7, on the other hand, there is no advantage even when we utilize |δ×| ≤ √

5u

instead of |δ×| ≤ √
2γ2. However the upper bound for |SA|s(m), where SA is defined as in Theorem 1,
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can be improved by utilizing |η×| ≤ 2
√

2u instead of |η×| ≤ 4u. See Section 3 for details, where the

improved bound is utilized.

Proof. As written in [19], for a, b ∈ FR, the above operations satisfy

fl(a ◦ b) = (1 + δ)(a ◦ b) + η, ◦ ∈ {+, −, ×, /}, |δ| ≤ u, |η| ≤ u,

also in the presence of underflow. Especially η = 0 holds if ◦ ∈ {+, −}. These facts and [6, Proof of

Lemma 3.5] give fl(x ± y) = (x ± y)(1 + δ±
1 ), |δ±

1 | ≤ u including possible underflow. From [6, Proof

of Lemma 3.5], moreover, we have

|fl(x + y) − (x + y)| ≤ (|x + y|u)2 ≤
( |x + y|u

1 − u

)2

,

which yields

fl(x ± y) = (x ± y)

⎛
⎝1 + δ̂±

2

1 − δ̂±
2

⎞
⎠ = x + y

1 − δ̂±
2

, |δ̂±
2 | ≤ u.

The result fl(x ± y) = (x ± y)/(1 + δ±
2 ), |δ±

2 | ≤ u follows by putting δ±
2 = −δ̂±

2 .

Let x = a+bi and y = c+di, where a, b, c, d ∈ FR and i = √−1. Formultiplication, analogously

to [6, Proof of Lemma 3.5], we obtain

fl(xy) = ac(1 + θ2) − bd(1 + θ ′
2) + η2 + i(ad(1 + θ ′′

2 ) + bc(1 + θ ′′′
2 ) + η′

2),

where |θ2|, |θ ′
2|, |θ ′′

2 |, |θ ′′′
2 | ≤ γ2 and |η2|, |η′

2| ≤ 2u. Hence fl(xy) = xy + e×, where

|e×|2 ≤ (γ2(|ac| + |bd|) + 2u)2 + (γ2(|ad| + |bc|) + 2u)2

= γ 2
2 ((|ac| + |bd|)2 + (|ad| + |bc|)2) + 4γ2u(|ac| + |bd| + |ad| + |bc|) + 8u2. (17)

It holds that

(|ac| + |bd|)2 + (|ad| + |bc|)2 = a2c2 + b2d2 + a2d2 + b2c2 + 4|abcd|
= (a2 + b2)(c2 + d2) + 4

√
a2b2

√
c2d2

≤ 2(a2 + b2)(c2 + d2), (18)

|ac| + |bd| + |ad| + |bc|
=

√
(|ac| + |bd| + |ad| + |bc|)2

=
√

(a2 + b2)(c2 + d2) + 4|abcd| + 2((a2 + b2)|cd| + (c2 + d2)|ab|)
=

√
(a2 + b2)(c2 + d2) + 4

√
a2b2

√
c2d2 + 2((a2 + b2)

√
c2d2 + (c2 + d2)

√
a2b2)

≤ 2

√
(a2 + b2)(c2 + d2). (19)

The inequalities (17), (18) and (19) give

|e×|2 ≤ 2γ 2
2 (a2 + b2)(c2 + d2) + 8γ2u

√
(a2 + b2)(c2 + d2) + 8u2

= 2γ 2
2 |xy|2 + 8γ2u|xy| + 8u2 = 2(γ2|xy| + 2u)2,

which shows the result with respect to the multiplication.
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For division, analogously to [6, Proof of Lemma 3.5], fl(Re x/y) = Re x/y + e
/
r and fl(Im x/y) =

Im x/y + e
/
c , where

|e/r | ≤ γ4(|ac| + |bd|)
c2 + d2

+ 4u and |e/c | ≤ γ4(|bc| + |ad|)
c2 + d2

+ 4u,

respectively. From (18), (19) and these inequalities, we have

|fl(x/y) − x/y|2 ≤
(

γ4(|ac| + |bd|)
c2 + d2

+ 4u

)2

+
(

γ4(|bc| + |ad|)
c2 + d2

+ 4u

)2

= γ 2
4 ((|ac| + |bd|)2 + (|bc| + |ad|)2)

(c2 + d2)2
+8γ4u(|ac|+|bd| + |ad| + |bc|)

c2 + d2
+ 32u2

≤ 2γ 2
4 (a2 + b2)(c2 + d2)

(c2 + d2)2
+ 16γ4u

√
(a2 + b2)(c2 + d2)

c2 + d2
+32u2

= 2γ 2
4 |x/y|2 + 16γ4u|x/y| + 32u2 = 2(γ4|x/y| + 4u)2,

which gives

|fl(x/y) − x/y| ≤ √
2γ4|x/y| + 4

√
2u ≤

√
2γ4|x/y|

1 − √
2γ4

+ 4
√

2u.

Thus we obtain

fl(x/y) = (x/y)

⎛
⎝1 + δ̂/

1 − δ̂/

⎞
⎠ + η/ = x

y(1 − δ̂/)
+ η/, |δ̂/| ≤ √

2γ4, |η/| ≤ 4
√

2u.

The result regarding to the division holds by setting δ/ = −δ̂/. �

Lemma 6 (E.g., Higham [6]). If |δi| ≤ u and ρi = ±1 for i = 1, . . . , n, and nu < 1, then
n∏

i=1

(1 + δi)
ρi = 1 + θn, where |θn| ≤ γn.

Lemmas 5 and 6 yield the following lemma:

Lemma 7. Let a1, . . . , ak−1, b1, . . . , bk−1, c, d1, d2 ∈ FC, y = (c−∑k−1
i=1 aibi)/(d1 +d2) be evaluated

in floating point arithmetic, and ỹ be the computed result. Then including possible underflow,∣∣∣∣∣∣c −
k−1∑
i=1

aibi − (d1 + d2)ỹ

∣∣∣∣∣∣
≤ ζk

⎛
⎝k−1∑

i=1

|aibi| + |(d1 + d2)ỹ|
⎞
⎠ + 2

√
2u(k + 2(1 + √

2γ4)|d1 + d2|)
1 − ku

.

Proof. We proceed as in [6] by first fixing the order of evaluation. Consider the following code:

s = c

for i = 1 : k − 1

s = s − aibi

end

y = s/(d1 + d2)
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For the special case k = 4, repeated application of Lemma 5 yields for the computed value s̃

s̃ = (((c − a1b1(1 + δ×
1 ) − η×

1 )(1 + δ−
1 ) − a2b2(1 + δ×

2 ) − η×
2 )(1 + δ−

2 )

−a3b3(1 + δ×
3 ) − η×

3 )(1 + δ−
3 ),

where |δ−
i | ≤ u, |δ×

i | ≤ √
2γ2 and |η×

i | ≤ 2
√

2u for i = 1, 2, 3. For general k, it follows that

s̃ = c

k−1∏
i=1

(1 + δ−
i ) −

k−1∑
i=1

⎛
⎝(aibi(1 + δ×

i ) + η×
i )

k−1∏
j=i

(1 + δ−
j )

⎞
⎠ . (20)

From Lemma 5, we have

ỹ = fl

(
s̃

d1 + d2

)
= s̃(1 + δ+)

(d1 + d2)(1 + δ/)
+ η/,

where |δ+| ≤ u, |δ/| ≤ √
2γ4 and |η/| ≤ 4

√
2u, so that

(d1 + d2)(1 + δ/)ỹ

1 + δ+ = s̃ + (d1 + d2)(1 + δ/)η/

1 + δ+ .

This and (20) give

(d1 + d2)(1 + δ/)ỹ

1 + δ+ = c

k−1∏
i=1

(1 + δ−
i ) −

k−1∑
i=1

⎛
⎝(aibi(1 + δ×

i ) + η×
i )

k−1∏
j=i

(1 + δ−
j )

⎞
⎠

+ (d1 + d2)(1 + δ/)η/

1 + δ+ ,

that is,

(1 + δ/)(d1 + d2)ỹ

(1 + δ+)
k−1∏
j=1

(1 + δ−
j )

= c −
k−1∑
i=1

⎛
⎜⎜⎜⎜⎜⎜⎝
aibi(1 + δ×

i ) + η×
i

i−1∏
j=1

(1 + δ−
j )

⎞
⎟⎟⎟⎟⎟⎟⎠

+ (1 + δ/)(d1 + d2)η
/

(1 + δ+)
k−1∏
j=1

(1 + δ−
j )

.

From this and Lemma 6, we obtain

(1 + δ/)(1 + θk)(d1 + d2)ỹ = c −
k−1∑
i=1

(aibi(1 + δ×
i ) + η×

i )(1 + θi−1)

+(1 + δ/)(1 + θk)(d1 + d2)η
/,

where θ0 = 0 and |θj| ≤ γj for j = 1, . . . , k. This yields

c −
k−1∑
i=1

aibi − (d1 + d2)ỹ

=
k−1∑
i=1

(
aibi(δ

×
i + θi−1 + δ×

i θi−1) + (1 + θi−1)η
×
i

)

+(δ
/
i + θk + δ

/
i θk)(d1 + d2)ỹ − (1 + δ/)(1 + θk)(d1 + d2)η

/.

It follows from this and Lemma 5 that
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k−1∑
i=1

aibi − (d1 + d2)ỹ

∣∣∣∣∣∣
≤

k−1∑
i=1

(|aibi|(|δ×
i | + |θi−1| + |δ×

i ||θi−1|) + (1 + |θi−1|)|η×
i |)

+(|δ/
i | + |θk| + |δ/

i ||θk|)|(d1 + d2)ỹ| + (1 + |δ/|)(1 + |θk|)|d1 + d2||η/|

≤
k−1∑
i=1

(|aibi|(
√

2γ2 + γi−1 + √
2γ2γi−1) + 2

√
2u(1 + γi−1))

+(
√

2γ4 + γk + √
2γ4γk)|(d1 + d2)ỹ| + 4

√
2u(1 + √

2γ4)(1 + γk)|d1 + d2|

≤ ζk

⎛
⎝k−1∑

i=1

|aibi| + |(d1 + d2)ỹ|
⎞
⎠ + 2

√
2u(1 + γk)(k + 2(1 + √

2γ4)|d1 + d2|).

This and (1 + γk) = 1/(1 − ku) prove the lemma. �

We give the proof of Lemma 4 utilizing Lemma 7.

Proof of Lemma4.Assumewithout loss of generality thatT is lower triangular. Letμ(k) be the number

of nonzero elements in Tk:, and Tkω1
, . . . , Tkω

μ(k)−1
, Tkk = t

(k)
1 + t

(k)
2 be these nonzero elements.

Then the k-th step of forward substitution is

x̃k = fl

⎛
⎜⎝ 1

t
(k)
1 + t

(k)
2

⎛
⎜⎝bk −

μ(k)−1∑
i=1

Tkωi
x̃i

⎞
⎟⎠

⎞
⎟⎠ .

This and Lemma 7 give∣∣∣∣∣∣∣bk −
μ(k)−1∑
i=1

Tkωi
x̃i − (t

(k)
1 + t

(k)
2 )x̃k

∣∣∣∣∣∣∣ ≤ ζμ(k)

⎛
⎜⎝μ(k)−1∑

i=1

|Tkωi
x̃i| + |(t(k)1 + t

(k)
2 )x̃k|

⎞
⎟⎠

+2
√

2u(μ(k) + 2(1 + √
2γ4)|t(k)1 + t

(k)
2 |)

1 − μ(k)u
,

that is,

|bk − (Tx̃)k| ≤ ζμ(k) (|T||x|)k + 2
√

2u(μ(k) + 2(1 + √
2γ4)|Tkk|)

1 − μ(k)u
,

≤ ζμ(|T||x|)k + 2
√

2u(μ + 2(1 + √
2γ4)|Tkk|)

1 − μu
,

which proves the result. �
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